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Abstract
The tree-level amplitudes in β-deformed theory are studied from twistor
string theory. We first show that a simple generalization of the proposal in
hep-th/0410122 gives the correct results for all of the tree-level amplitudes
to the first order of the deformation parameter β. Then we give a proposal
to all orders of β and show this matches the field theory. We also show
the prescription using connected instantons and the prescription using dis-
connected instantons are equivalent in the deformed twistor string theory.
The tree-level amplitudes in non-supersymmetric γ-deformed theory are also
obtained in this framework.
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1 Introduction
One of the important issues in AdS/CFT correspondence [1, 2, 3] is to study
the gravity dual of the gauge theories with less supersymmtries. In [4], the
gravity dual of some gauge theories with less supersymmtries was studied
using a solution generating transformation. One of the gauge theories stud-
ied in [4] is the β-deformed theory which has N = 1 supersymmetry. Later
this discussion was generalized to γ-deformed theory which has no super-
symmtries [5, 6, 7].1 These deformed SYM can be obtained from a certain
kind of star product. Using this star product, it is easy to see that the planar
amplitudes in these theories are identical to the amplitudes of the N = 4
theory up to an overall phase factor [4, 17, 7].
On the other hand, Witten found a new relation between perturbative
gauge theory and a topological string theory whose target space is the super-
twistor space [18]. While the AdS/CFT correspondence is a kind of strong-
weak duality, the new correspondence found by Witten is a perturbative
duality. The gauge theory amplitudes can be computed either using the con-
nected instantons in twistor space [18, 19, 20, 21], or using the completely
disconnected instantons [22]. Later it was shown that these two prescrip-
tions are equivalent [23] and the intermediate prescriptions are also studied
[23, 24].
The twistor string theory corresponding to the gauge theories with less
supersymmetry obtained by the Leigh-Strassler deformation [25] was pro-
posed in [26], motivated by earlier work on deformations in the open-closed
topological string theories [27, 28]. There it was suggested that the effect of
the marginal deformations in field theory can be accommodated in twistor
string theory by introducing a non-anti-commutative star product among the
fermionic coordinates in the superstwistor space. A prescription for calcu-
lating the tree-level amplitudes in the deformed theory using the connected
instantons was also given in that paper to the first order of the deformation
parameters. The authors of [26] computed examples of amplitudes corre-
sponding to degree one curves in twistor space (these amplitudes are called
’analytic amplitudes’ in [29, 30]) and found that the results coincide with the
field theory results. Later they claimed one can generalize the prescription
to amplitudes from higher degree curves [31]. The origin of this prescription
1The deformations in gauge theory were also studied in [8]-[15] and some generalizations
of the work in [5] including a generalization of γ-deformation can be found in [16].
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is still not well understood, in particular, a prescription valid to all orders of
the deformation parameter is absent until now. It is therefore interesting to
make some progress in this direction.
Since the planar amplitudes in β-deformed and γ-deformed theories are
rather simple, one may wonder whether they can be produced using the
twistor string theory. Up until now it’s not known how to calculate the
amplitudes beyond tree-level from twistor strings, we will focus on the tree-
level amplitudes. We first show that the tree-level amplitudes in β-deformed
theory can be obtained from the prescription in [26] up to first order of the
deformation parameter. Our result is not restricted to the degree one case.
We study all of the tree-level amplitudes by a simple generalization of the
prescription in [26] based on previous work for the N = 4 theory [19, 20,
21]. We also propose an all-order prescription in this case and show that
it gives the right results. The MHV diagrams and the equivalence between
the prescriptions using connected instantons and completely disconnected
instantons are also discussed in the case of the β-deformed theory. The γ-
deformed theory is no longer supersymmetric, and it doesn’t belong to the
class of field theories studied in [26]. In this case, we also give an all-order
prescription on how to produce tree-level amplitudes from the twistor string
theory.
This paper is organized as follows. In the next section we briefly review
how to compute the tree-level amplitudes from the connected instantons in
twistor string theory. In section 3, we study the amplitudes in β-deformed
gauge theory from the twistor string theory. An all-order prescription for the
amplitudes in γ-deformed theory is given in section 4.
2 Review of tree-level Yang-Mills amplitudes
from connected instantons in twistor string
2.1 Amplitudes of the N = 4 theory from twistor string
theory
We denote the tree-level partial amplitudes of N = 4 super Yang-Mills the-
ory, which is the coefficient of
Tr(T a1 · · ·T an), (1)
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by
AN=4n (π1, π˜1, h1, t1; · · · ; πn, π˜n, hn, tn), (2)
or simply by AN=4n ({πi, π˜i, hi, ti}), here we decompose the momenta of the
massless extrenal particles into two Weyl spinors, ie., we define the ’bi-spinor’
piaa˙ as piaa˙ ≡ piµσ
µ
aa˙ and choose a decomposition of this ’bi-spinor’ as piaa˙ =
πiaπ˜ia˙ (for more details see, for example [18, 32]), and we use hi to denote
the helicity of an external particle and ti its SU(4)R quantum number.
This amplitude can be computed in twistor string theory from the con-
nected instantons [18, 19, 20, 21] (some aspects of this approach were sum-
marized in [32]). The main formula is:









in the following we will explain the ingredients in this formula. First we note
that in the supertwistor spaceCP3|4 with coordinates ZI = (λa, µa˙), ψA, (a, a˙ =
1, 2, I, A = 1, · · · , 4), we have the following expansion [18]:



















As in [26], we split the four fermionic coordinates in CP3|4, ψA(A = 1, · · · , 4),







where Φha = A, χ4, χI , φI , φ˜
I , χ˜K , χ˜4, G, respectively. Ψi(πi, π˜i, hi, ti) in eq. (3)
is the wavefunction of the ith particle in the supertwistor space, it is given
by,









where the definition of the delta function δ¯(f) is
δ¯(f) = ∂¯f¯ δ2(f), (7)
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following [22]. In eq. (3), Ji is a holomorphic current made of free fermions
in the wouldvolume theory of the D5-branes (the details can be found in
[18, 32]). Since what we actually compute is the partial amplitude which is
the coefficient of Tr(T a1 · · ·T an), in eq. (3) we only pick out the following




These amplitudes only receive the contribution from the connectedD-instantons





If we choose homogeneous coordinates (u, v) on an abstract CP1, then
the genus 0, degree d curve C, which is a map from CP1 to CP3|4, can be
written as



























Then eq. (3) can be write as




















2.2 Amplitudes in deformed SYM from twistor string
theory
In [26], a proposition was given to calculate the amplitudes in deformed
SYM from twistor string theory up to the linear order of the deformation
parameters.
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to the first order of the deformation parameters hIJK , where hIJK is totally
symmetric. Here
WN=4 = iTr(Φ1[Φ2,Φ3]), (13)
is the potential of the N = 4 SYM and Φi, i = 1, 2, 3 are three chiral su-
perfields in the adjoint representation of the gauge group. We note that the
deformed theory only has N = 1 supersymmetry.
The authors of [26] used a star product among the ψ-dependent part



















where the definition of V IJKL is
V IJKL = h
IJQǫQKI + ǫ
IJQh¯QKI , (15)
then the amplitudes is given by












up to the first order of the deformation parameters4.
2As in [26], we put the gauge coupling constant out of the superpotential. We also use
the same normalization as [26].
3We note that the superscript of ψ denotes its SU(4) R-symmetry quantum number
(the SU(4)R symmetry will be broken by the deformation) and the subscript of ψ denotes
the corresponding external particle.
4As we have mentioned in the introduction, in [26] only the analytic amplitudes were
discussed, the formula here is for all tree-level amplitudes.
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3 Tree-level amplitudes in β-deformed theory
from twistor string theory
3.1 The results to the first order of β




Here β is a real deformation parameter.
Now we compute the tree-level amplitudes in this theory using the all-
degree generalized prescription we give above. First, we expand Wβ−deformed
to the first order of β:
Wβ−deformed =WN=4 − πβTr(Φ1{Φ2,Φ3}) +O(β
2). (18)
Then it is easy to read off in this case the hIJK ’s in eq. (12) are equal to
−2πβ|ǫIJK |, so we get







where the definition of αI ’s is α1 = α2 = α3 = 1.
Using this, it is not hard to see that for any wavefunction f and g, we
have

















The above equation can be also written as5





where by I ∈ f , we mean ψI1 is a factor of f(ψ1).
We can rephrase the about results by considering the following U(1) ×
U(1) symmetry acting on the fermionic part of the supertwistor space CP3|4,
5Notice that the wavefunctions are all monomials.
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under which (ψ1, ψ2, ψ3, ψ4) have the following charges 6:
ψ1 ψ2 ψ3 ψ4
Q˜1 0 −1 1 0
Q˜2 1 −1 0 0
(22)









Q˜(ψI1 · · ·ψIn) = Q˜ψ
I1
















Ψ1Ψ2 · · ·Ψn+O(β2), (24)
Here Q˜i1 and Q˜
i
2 are the charges of the i-th wavefunction. We find that there




















Here Qi1 and Q
i
2 are the charges of the i-th external particle. This result
coincides with the results in [17] up to first order of β.
3.2 A proposal to all orders of β
We propose the following star product between the wave functions,
















6In [33], similar star product was introduced in N = 4 light-cone superspace in stead of
supertwistor space. Recently, a new relation between β-deformation and noncommutative
field theories was discussed in [34].
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to all orders of β. As above, it can be written as







One important property of this star product is that it is associative. This also
gives a new nonanticommutative product among the fermionic coordinates in
supertwistor space. Similar to what we have done in the previous subsection,














We find this result is the same as the one obtained in [17].
3.3 The MHV diagrams and the equivalence between
different prescriptions
In this subsection we will discuss the MHV diagrams and the equivalence
between the prescription using connected instantons and the prescription
using completely disconnected instantons for the β-deformed theory7.
The analytic amplitude in β-deformed theory is independent of λ˜, since
this amplitude equals the product of the corresponding analytic amplitude
in N = 4 theory and a phase factor8, and both of them are independent of λ˜.
Then in the β-deformed theory, we can use the same off-shell continuation
as in [22, 30] to define the analytic vertex. We can compute all of the tree-
level amplitudes in β-deformed theory from the MHV diagrams obtained by
connecting the analytic vertices with propagators as in [30]. Similar to the
proof using Feynman rules in [17], we can prove that the amplitudes from
the MHV diagrams are exactly the same as expected.
As in the N = 4 theory [22], the extended-CSW rules in the β-deformed
theory mentioned above can be obtained from the prescription for calculating
the tree-level amplitudes using completely disconnected instantons in the
twistor string theory. Consider a expression in the completely disconnected
prescription corresponding to a given MHV diagram. Notice that the twistor
7In this subsection, we will only give some brief discussions, the details are omitted
since they are similar to the discussions in the N = 4 case.
8Notice that the phase factor also depends on the internal particles.
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space propagator D propotional to δ4(ψ−ψ′) and the latter is just (ψ−ψ′)4
[23, 32] (ψ and ψ′ are fermionic coordinates of the two end of the twistor
space propagator). In a given MHV diagram, each end of a propagator has a
fixed helicity and a fixed SU(4)R quantum number. According to this helicity
and this quantum number, only one term in the expansion of (ψ − ψ′)4 will
be picked out. This term is a product of two factors, one factor is a product
of some ψ’s the other is a product of some ψ′’s. So for every analytic vertex
and a propagator connected to this vertex, there is a end of the propagator
corresponding to the vertex. Then there is a corresponding product of the
fermionic coordinates. In the expression corresponding to the MHV diagram,
for every vertex, these factors from the propagators connected to it and the
wavefunctions of the external particles connected to it should be multiplied
by using the star product in supertwistor space to give the amplitudes in
β-deformed theory. Then, similarly to the proof using Feynman rules in [17],
we can finally get a star product among all of the external wavefunctions
multiplied by ordinary multiplication with the ordinary product of the twistor
space propagators. The associativity of the star product defined above is
essential for the above arguments.
Following the proof in [23] for the N = 4 case, one can prove that the
prescription using the connected instantons and the prescription using the
commpletely disconnected instantons will give the same result. One need only
notice that in the proof in [23], the poles of the integrands which contribute
to the residues never came from the wave-functions themselves, nor from the
case when two points where the wavefunctions are inserted come close to
each other.
4 Tree-level amplitudes in γ-deformed theory
from twistor string theory
A generalization of the β-deformation is the γ-deformation [5, 6, 7]. It is
obtained by introducing the following star product







among the component fields in the Lagrangian of N = 4 theory. Here γi, i =
1, 2, 3 are three real deformation parameters and Qi, i = 1, 2, 3 are the charge
of three U(1) symmetries of the theory. The charges of the component fields
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are the following [7]:
Aµ φ1 φ2 φ3 χ1 χ2 χ3 χ4
Q1 0 1 0 0 1/2 −1/2 −1/2 1/2
Q2 0 0 1 0 −1/2 1/2 −1/2 1/2
Q3 0 0 0 1 −1/2 −1/2 1/2 1/2
(31)
and for every component field φ, we have Qi(φ
†) = −Qi(φ).
The obtained γ-deformed theory is non-supersymmetric and the Lagrangian
of these theory can be found in [7]. To produce the tree-level amplitudes
in the γ-deformed theory [5, 6, 7] from connected instantons in twistor
string theory, we consider the following three U(1) symmetries acting on the
fermionic coordinates of the supertwistor space, under which (ψ1, ψ2, ψ3, ψ4)
have the following charge
ψ1 ψ2 ψ3 ψ4
Q˜1 −1/2 1/2 1/2 −1/2
Q˜2 1/2 −1/2 1/2 −1/2
Q˜3 1/2 1/2 −1/2 −1/2
(32)
and we define the star product among the wave functions as




















it is equivalent to
































coinciding with field theory results [7] to all orders of γ’s. Similarly to what
we have done in the previous section, we can show that the prescription
using the connected instantons and the one using the completely disconnected
instantons are equivalent.
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